Abstract: This paper explores a new approach to enhance the performance of a reconfigurable control allocation based on reliability analysis. The proposed reconfigurable control allocation based on a classical pseudo-inverse method with a fixed-point algorithm aims to incorporate the reliability of the faulty system. Once a fault has been detected and isolated, the reconfiguration strategy tries to find the optimal reallocation that preserves the highest reliability of components. The feasibility of this work is illustrated considering an academic example. Simulation results show satisfactory performance for accommodating the partial loss of control effectiveness in control effectors.
INTRODUCTION
Sensor or actuator failure, equipment fouling, feedstock variations, product changes and seasonal influences may affect controller performance and as many as 60% of industrial controllers problems (T.J. Harris et al., 1999) . Faults can be amplified by the closed-loop control systems and can develop into malfunction of the loop. In order to overcome this problem, modern complex systems use sophisticated controllers which are developed with fault accommodation and tolerance capabilities to meet performance requirements. Various approaches for fault accommodation have been suggested in the literature, survey is provided in Blanke et al. (2003) , Hajiyev and Caliskan (2003) and Zhang and Jiang (2008) . Among them, studies dealing with are generally classified into hardware or analytical redundancy. In this paper, hardware redundancy is considered and the fault tolerant control system is so-called reconfigurable control allocation or control re-allocation technique. Control allocation problem has been intensively studied following the work of (Durham, 1993) . A review of existing methods can be found in (Bodson, 2002) and a comparison of different control allocation methods applied for instance to flight control is documented in (Page and Steinberg, 2000) . In the case of actuator failures, an effective re-allocation of the control input with the remaining healthy control actuators is needed in order to maintain acceptable performance even in the presence of control actuator failures. However, the control re-allocation problem has not been investigated with the reliability analysis of control actuators. Some publications have introduced reliability analysis for fault tolerant control systems in order to take into account the health of the degraded system. Wu (2001a) , Wu (2001b) and Wu and Patton (2003) have used Markov models to evaluate the system reliability where subsystems are supposed to reach two states: intact (available) or failed (unavailable). Staroswiecki et al. (2004) have proposed a sensor reconfiguration based on physical redundancy where the reliability analysis provided some information in order to select the optimal redundant sensors.
In this paper, in view of its simplicity and satisfactory performance, a reconfigurable control allocation scheme based on a pseudo-inverse method (PIM) and a fixed-point algorithm (FPA) has been developed by taking into account the reliability of the components. The effectiveness and performance of the technique are illustrated on an academic example.
The paper is organized as follows. Section 2 recalls the control re-allocation problem formulation and solutions based on pseudo-inverse and fixed point methods. After some definitions are introduced, a solution is developed under a general formulation in Section 3. A simulation example is considered in Section 4 to illustrate the performance and effectiveness of the method. Finally, concluding remarks are given in the last section.
RECONFIGURABLE CONTROL ALLOCATION

Problem statement
Consider the following continuous-time system: 
In order to maintain controllability, the number of outputs h that can track a reference input vector r , cannot exceed the number of control inputs n h ≤ .
The controller computes and distributes at each sample time the control
, fully equivalent to the physical inputs ) (t u in generating a desired total control effort with the following property:
The physical inputs ) (t u can be determined by the minimization of the following quadratic function:
where Q is a weighting diagonal matrix, min u and max u are the lower and upper bounds of the actuators.
Such a problem has been extensively studied in recent years and several numerical procedures have been proposed (Johansen et al., 2005) (Bodson, 2002) in fault-free case and solved off-line. But due to abnormal operation or material aging, actuator faults can occur in the system and increase the complexity to solve on-line the problem of reallocation under new constraints on saturated physical inputs. An actuator can be represented by additive and/or multiplicative faults as follows:
where j u and The state space representation defined in (1) with actuator faults modelled by control effectiveness factors becomes as:
where f B is the actuator faulty matrix.
Pseudo-inverse method
If the above control constraint (5) is not considered, an explicit solution can be obtained as follows from minimization of the above quadratic function in (4) applied to (7):
The above control re-allocation method is generally referred to as Pseudo-Inverse Method (PIM). However, the above solution may not be feasible for all virtual control input
in the presence of actuator position or rate constraints, which is even more often being occurred during the initial reconfiguration period of control re-allocation. Various ways to accommodate the constraints have been proposed in the literature. The simplest alternative is to truncate u by clipping those components that violate some constraints (Bodson, 2002) . However, since this typically causes only a few control inputs to saturate, it seems natural to use the remaining control inputs to produce the remaining desired performance. Virnig and Bodden (1994) propose a Redistributed PseudoInverse (RPI) scheme, in which all control inputs that violate their bounds in the pseudo-inverse solution are saturated and removed from the optimization. Then, the control allocation problem is resolved with only the remaining control inputs as free variables. Bordignon (1996) further proposed an iterative variant of the RPI. Instead of only redistributing the control effect once, the further redistribution of the saturated inputs is carried out. This is known as the Cascaded Generalized Inverse (CGI) approach. The method of CGI arises from the idea that if a generalized inverse generates a control signal that exceeds a position limit, then that control channel should be set at the exceeded limit, and the rest of the controls are redistributed to achieve the desired performance. In this paper, the fixed point method is used for control re-allocation implementation.
Fixed-Point Method
The pseudo-inverse method given in (8) does not take into consideration the actuator constraints (Eq. 5). Thus, it does not give a feasible control input u(t) for every desired v(t). In this situation, the fixed point method, developed by Bodson M. (2002) , is used to find the best approximation of the virtual control input
while taking into consideration actuator constraints.
This method finds the control input u that minimizes: The solution to the above problem is given by the following fixed-point algorithm:
where [] .
sat is the saturation function that clips the components of the vector u to their allowable values,
and
The fixed point method can be interpreted as a gradient search method where the iterations are clipped to satisfy the constraints. This method is guaranteed to converge; however, its drawback is that convergence can be very slowly and strongly depend on the choice of the parameter β . Moreover, the choice of the matrix Q is delicate and it affects performance of the control re-allocation.
ACTUATOR RE-ALLOCATION VERSUS REALIBILITY ANALYSIS
Control reconfiguration methods based on control reallocation can be classified into two categories. In the first category (Burken et al. 2001 , Zhang et al. 2007 , the control input u is allocated for the faulty system so that its behaviour is close as much as possible to that of the fault-free system. In the second category, the weight matrix Q is modified online to penalize the faulty actuator and minimize or stop its use (Alwi and Edwards, 2008, Omerdic and Roberts, 2004) . In fault-free case, Q is the Identity matrix. In the case of a fault, the penalization of the faulty actuator depends on the fault severity.
This paper presents a new approach for the choice of matrix Q. The approach can be summarized as follows:
-In the fault-free case, the control u is allocated to the different actuators depending on the weight matrix Q. This latter is function of actuators reliability.
-After the occurrence of a fault, the faulty actuator is heavily penalized because its reliability decreases. The control u is then re-allocated to the other healthy actuators while taking into account their reliabilities.
It should be noted that this approach allows a smart allocation of control input u in the absence and the presence of faults using actuator reliability. This increases the life time of the system and prevents additional faults from occurring.
Reliability is the ability that units, components, equipment, products, and systems will perform their required functions for a specified period of time without failure under stated conditions and specified environments (Gertsbakh 2000) . The reliability analysis of components consists in analyzing time to a failure from data obtained under normal operating conditions (Cox 1972) . In many situations and especially in the considered study, failure rates are obtained from components under different levels of loads: the operating conditions of components change from one structure to another. Several mathematical models have been developed to define the failure level in order to estimate the failure rate λ (Martorell et al., 1999 , Finkelstein 1999 ). Proportional hazards model introduced by Cox (1972) is used in this paper. The failure rate is modelled as follows:
where i λ represents the baseline failure rate (nominal failure rate) function of time only for the i th subsystem or component and ) ,
is a function (independent of time) taking into account the effects of applied loads with l representing an image of the load and ϑ defining some parameters of the subsystem or component.
Different definitions of ) ,
( ϑ l g exist in the literature. However, the exponential form is commonly used. Moreover, the failure rate function for the exponential distribution is constant during the useful life but it can change according to a load level. Under these remarks, the failure rate (13) 
It can be noticed that load level (or mean load level) m l are assumed to be directly associated to the control input of the actuator.
If an event occurs on the system, based on a novel (or not) load value applied to the component, a new failure rate is calculated, then the reliability is commonly calculated as follows: When an actuator fault occurs, the control effectiveness decreases. With a matrix Q equal to Identity matrix, the control re-allocation algorithm should increase the load levels in order to compensate the fault and to reach the nominal performance of the closed-loop system, but according to (15), the reliability of the component will decrease. The matrix Q is a key problem to preserve the health of the system. In order to preserve the reliability of the faulty actuator, the load level should be decreased, consequently we proposed to compute on line matrix Q such as:
The developed actuator re-allocation control method is also raised the global reliability of the system based on q parallel actuators (the control input vector 
EXAMPLE: NETWORKED PIPELINE
System description
The pipeline network, illustrated in Fig. 1 , provides liquid to a tank of section S. The liquid level l has to be maintained to a reference value in order to ensure a constant output flow rate on the bottom of the tank (Casavola and Garone, 2006) . The control inputs pilot three proportional linear valves with opening ratio Using the mass balance equations, the system can be described by the following equation:
The unmeasured flow-rate ) (t Q out can be determined using the Torriceli-rule as:
where g is the gravity constant and ρ is the water density. Table 1 presents the value of the failure rate associated to the pump according to the previous maintenance operation and the considered pump. The failure rate has been considered with a very huge value in order to present the result in a short time window. 
Results and comments
Fault-free case with I Q = For illustration purposes, the study considered in this paper is suitable in the tracking control problem where the output is required to track reference input. A classical proportional integral controller is synthesised to track the reference input vector r in the sense that the steady-state response is:
The dynamic evolution of the output variable compared to the reference input r is shown in Fig. 2 . The control inputs to the three pumps are illustrated in Fig. 3 , with the three pumps being identical and I Q = , the three control inputs are the same. 
) due to material aging or a failure, is supposed to occur at sample time 50 on the first pump. The consequence of an actuator fault on the closed loop performance is identical to the dynamic behaviour presented in Figure 2 . Once the fault is isolated and its magnitude estimated, the reconfiguration task (fault tolerant control system) is performed with f B B = in order to reduce the fault effect on the system based on the control re-allocation algorithm. After few seconds, the pump 1 is completely out of order. Fig. 4 presents the input variables in faulty case with a matrix I Q = . It should be noticed that the flow rates issued from the healthy pumps increase identically. Actuator fault with ) (R f Q = The same gain degradation of the pump 1 is supposed to occur at instant 50s. After few seconds, the pump 1 is completely out of order. The consequence of an actuator fault on the closed loop performance is identical to the dynamic behaviour presented in Fig. 2 . In order to take into account the reliability of the system, once the fault is isolated and its magnitude estimated, the reconfiguration task (fault tolerant control system) is performed with f B B = in order to reduce the fault effect on the system based on the control reallocation algorithm. Fig. 5 presents the input variables in faulty case with a matrix ) (R f Q = and highlights that the pump 3 is less used compared to the pump2. This is due to the reliability of each component which is considered in the algorithm. 6 illustrates the previous simulation results and shows that the pseudo-inverse method implemented with reliability constraints of the components guarantees both dynamic performance and system reliability. Fig. 6 illustrates that the global reliability of the system, defined in (16), has been increased when the matrix I Q ≠ . Fig.6 . Difference between global reliability in both cases
CONCLUSION
In this paper, a reconfigurable control allocation (also known as control re-allocation), using pseudo-inverse method with a fixed-point algorithm in order to take into account input saturations has been implemented under reliability constraints associated with the health of components. Partial control actuator faults represented by partial loss of control effectiveness are implemented and used for evaluating the control re-allocation scheme. Simulation results have shown satisfactory results for accommodating the partial loss of control effectiveness with respect to the safety of the system. 
